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Abstract. Let p and / be rational primes such that / is odd and the order of p mod- 
ulo / is even. For such primes p and /, and for e = 1,21, we consider the non-singular 
projective curves aV = bX e + cZ e (abc ^ 0) defined over finite fields Fa such that 
q = p a = 1( mod e). We see that the Fermat curves correspond precisely to those curves 
among each class (for e = 1,21), that are maximal or minimal over F ? . We observe that 
each Fermat prime gives rise to explicit maximal and minimal curves over finite fields 
of characteristic 2. For e = 21, we explicitly determine the £-function(s) for this class of 
curves, over F„, as rational functions in the variable t, for distinct cases of a, b, and c, in 
F*. The ^-function in each case is seen to satisfy the Weil conjectures (now theorems) 
for this concrete class of curves. 

For e = 1,21, we determine the class numbers for the function fields associated to each 
class of curves over F„. As a consequence, when the field of definition of the curve(s) 
is fixed, this provides concrete information on the growth of class numbers for constant 
field extensions of the function field(s) of the curve(s). 
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1. Introduction 

Let p and I be rational primes such that I is odd and the order of p modulo /, written 
as ord p(mod /), is even. Let / = ord p(mod I); this is defined to be the least positive 
integer such that pf = l(mod I). For such primes p and I, we consider finite fields F q 
such that q = p a = 1 (mod e), for e — 1,21; thus a = fs for some integer s > 1. If e = 21, 
clearly p is odd. 

In ([1 1, Theorems 6, 7), we had considered the non-singular projective curves aY e = 
bX e + cZ e (abc ^ 0, and e = 1,21) defined over such finite fields F q , and had explicitly 
obtained the number of F ? n -rational points on these curves for each integer n > 1 . This 
was done by applying explicit results obtained in [ 1 1 for the cyclotomic numbers of order 
e over F q . 

Further, for the case e — I, we had obtained in (| 1 1, Theorem 8) the explicit £- 
function(s) for this class of curves defined over F q , In this paper, we consider the case 
e = 21 and apply the results of Theorem 7) to obtain the explicit £-function(s), 
in Theorem [T1 (^31. for the class of non-singular projective curves aY 21 = bX 2! + cZ 21 
(abc ^ 0) defined over F q , as rational function(s) in the variable t. We do this for all 
distinct cases of a,b, and c, in F*. There are seven distinct cases, and the ^-function in 
each case is seen to satisfy the Weil conjectures (proven in generality) for this concrete 
class of curves. 
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In we define maximal and minimal curves over finite fields, and we interpret the 
results obtained in (| 1 1, Theorems 6, 7), in this context, to link these results with facts 
previously known in the literature. In addition, we make some simple but pertinent obser- 
vations pertaining to these results. 

In fJ2 as a consequence to the explicit ^-functions obtained in Theorem^and (1 1 1> 
Theorem 8), for the projective curves aY e = bX e + cZ e (e — 1,21) defined over F q , we 
obtain the class numbers of the associated function fields in Theorems |2] and [5] for all 
distinct cases of a,b,c € F*. Further, for e = 1,21, if we fix the field of definition F q , 
and consider the curve(s) over all finite extensions of ¥„, these results provide concrete 
information on the growth of class numbers for constant field extensions of the function 
field of the curve(s) over F q . 

For easy reference, we restate (| 1 1, Theorems 6, 7) as Lemmasnand|2]below: 

Lemma 1. ([1], Theorem 6). Let p be any prime such that f = ord p(mod I) is even. Let 
q = p a = l(mod /), and (X = fs for some integer s > 1. Consider the projective curve 
aY 1 = bX + cZ' (abc ^ 0) defined over the finite field F q . Fix any generator y ofF* and 
let indy(b/c) = /(mod /) and ind^(a/c) = y'(mod /). Then for each n > 1, the number 
«/(«) of F q n -rational points on this curve is given as below: 

a,(n)=q n + l-(l-l)(l-2)(-l) ns q" /2 , if injn = 0(mod /), 

ai(n) =q" + l -2(-l)"V /2 , if in,jn,in-jn^ 0(mod I), 

ai(n) = q n + 1 + (l — 2)(— l) ns q"^ 2 , in all other cases of 

in, jn(mod I). 

Lemma2. ([1], Theorem 7). Let p be an odd prime such that f = ord p(mod I) is 
even. Let q = p a = l(mod 21), and a = fs for some integer s > 1. Consider the pro- 
jective curve aY 21 = bX 21 + cZ 21 (abc ^ 0) defined over the finite field Fq. Fix any 
generator y of F* and let indy(b/c) = /(mod 21) and indy(a/c) = j(mod 21). Then 
for each n > 1, the number a2i(n) of F q n-rational points on this curve is given as 
below. 

a 2 i(n)=q" + l-(2l-l)(2l-2)(-l) m q n/2 , if in,jn = 0(mod 21), 

a 2 i{n) = q n + 1 - 2{-\) ns q n l 2 , if in,jn,in - jn ^ 0( mod 21), 

a 2l{ n ) — q" + 1 +2(1— l) ns q"^ 2 , in all other cases of 

in, jn(mod 21). 



2. Maximal curves denned over finite fields 

Denote by C/F q a non-singular projective algebraic curve C defined over a finite field 
F q . Denote by a(n,C) the number of F 9 " -rational points on C, for each integer n > 1. Let 
g > be the genus of C. The Weil conjectures for the curve C state that the ^-function of 
C over F (/ , which is defined as 

Z(t,C)=Z(t,C/¥ q )= e xp (^^hpiyj , 

satisfies the following properties: 
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1. Z(t,C) is a rational function in the variable t of the form P(t)/(l — f)(l — qt), where 
P(t) is a polynomial in t of degree 2g, having integer coefficients, leading term q g , and 
constant term 1 . 

2. Z(t,C) satisfies a functional equation given by 

q g - l t 2g - 2 Z(l/qt,C)=Z(t,C). 

Equivalently, if we express Pit) — YltL\ (1 — a 0)> we ma y P a i r tne a k' s m such a way 
that <Xk<X g+ k — q for 1 < k < g. 

3. The reciprocal roots oik of P(t) satisfy the property that |g^| = q x l 2 for 1 < A; < 2g. 
This is known as the Riemann hypothesis for C/F q . 

These conjectures were first stated (in full generality) by Andre Weil 1151 in 1949, for 
non-singular projective varieties of dimension > 1 defined over finite fields. Curves are 
varieties of dimension 1 . These conjectures have been proven in complete generality (see, 
for example, 0). For a proof of these conjectures for curves, see 1101 . 

The first general proof of these conjectures for curves was given by Weil 11141 . He 
showed that for such a curve C/F q , 

a(n,C) =q" + l— V GC%, foreachn>l. 

k=l 

As a consequence of the Riemann hypothesis for C/F q , he obtained the following bounds 
on a(n,C), given by 

\a(n,C)-(q n + l)\ <2gq n/2 , for each n > 1. 

These bounds, and a proof of the Riemann hypothesis, were earlier obtained by Hasse in 
1936 for curves of genus g = 1 (or elliptic curves), and have come to be known as the 
Hasse- Weil bounds for the curve C, sometimes simply referred to as the Weil bounds 
forC. 

There has been considerable interest and search in the literature for curves C/F q for 
which the upper Weil bounds are attained for the number of F^-rational points on C. Such 
curves are called maximal, and the associated function fields are called maximal function 
fields. Maximal curves are of theoretical interest; they provide examples of curves with 
large automorphism groups, and have interesting arithmetic and geometric properties (cf. 
I3I8I9I1 1I12I V Such curves, and curves C/F q with large number of F q -rational points, find 
important applications in coding theory, since the construction by Goppa of codes with 
good parameters from such curves (cf. |4 5 1). 

In keeping with the terminology for maximal curves, one may define minimal curves 
to be curves C/F q for which the lower Weil bounds are attained for the number of F q - 
rational points on C (i.e, a(l,C) = q + 1 — 2gq 1 ^ 2 ). It is clear from the expression for the 
Weil bounds that curves C/F q are maximal or minimal only when q is a square (even 
power of p), or the genus g = 0. 

As a special case of the curves treated in Lemmasn]and[2] consider the Fermat curves 
Y e = X e +Z e (for e = 1,21) defined over finite fields F q , q = p a = l(mod e), when 
/ = ord p(mod I) is even. If we fix q = pf, it is clear from Lemmas ^and 13 that these 
curves are maximal over finite odd degree extensions of F q , and are minimal over finite 
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even degree extensions of ¥ q . It would thus appear that there is a close inter-relationship 
between maximal and minimal curves defined over finite fields. 

Further, keeping q = pf, if we write q — 1 = et, for e = 1,21, and t > 1, then since 
/ = ord p(mod I), it follows that q l l 2 + 1 = et' for some t' > \,t'\t. For t' = 1, the 
corresponding Fermat curves are then defined by 

y9 V2+i =;s V /2 +i +z <? 1/2 +i 

over the finite field F^. These are just the Hermitian curves which have been studied in the 
literature and known to be maximal over F q . The corresponding function fields are called 
Hermitian function fields. Hermitian curves have been characterized as the (essentially) 
unique maximal curves over with genus g = q l l 2 {q l l 2 — l)/2. This is the maximum 
possible genus for a maximal curve defined over F q (cf. 1611 11 1. For t' > 1, we have 
e\q l l 2 + 1, and the corresponding Fermat curves are again known to be maximal over 
F q ; these are not Hermitian, but the function fields associated to these curves occur as 
subfields of the Hermitian function field (cf. (| 13 1, pp. 196-203)). 

The case when I is a Fermat prime is interesting; if I = 2 2 +1, the corresponding 
Fermat curve Y l = X 1 + Z' is a Hermitian curve over the finite field F c/ , q = 2 2 " + , of 
characteristic 2, with genus g — 2 2 _1 (2 2 — 1). Further, as observed above, these curves 
are maximal (resp. minimal) over finite odd degree (resp. even degree) extensions of F q . 
Thus each Fermat prime gives rise to explicit maximal and minimal curves over finite 
fields of characteristic 2. The converse, however, is not true. For example, take n — 5; then 
r — 2 + 1 is not a prime, but the corresponding Fermat curve Y r —X + Z r is maximal 
(or minimal) over finite extensions of the field F q , q — 2 . 

From the explicit results in Lemmas \l\ and |2] it is also clear that the only class of 
coefficients a,b,c in F* for which the curves aY e = bX e + cZ e are maximal (or minimal) 
over F^ are those that correspond to the Fermat curves Y e =X e +Z e (for e = 1,21) (i.e., 
the coefficients reduce to the case a = b = c = 1). The cases for a,b,c which do not 
correspond to the Fermat curves are never maximal or minimal. (Note that in Lemma[2 
for I = 3, we have / = ord p{ mod 3) = 2, and q — p 2s . For s odd, each element of F* , is a 
cube, and hence, all cases when a,b,c<E F* pS correspond to the Fermat curve F 3 = X 3 +Z 3 , 
and this curve is maximal over F q .) 



3. Zeta function(s) of the projective curve aY 21 = bX 21 + cZ 21 over t a 

Theorem 1. Let p and I be odd rational primes such that f = ord p(mod I) is even. 
Consider the projective curve C : aY 21 = bX 21 + cZ 21 (abc ^ 0) defined over the finite field 
F q , where q = p a = l(mod 21), and a = fs for s > 1. Fix a generator y ofF* and let 
indy(b/c) = /(mod 21) andindy(a/c) = j(mod 21). Let 9 = (—\) s q l l 2 and let t, be any 
primitive {complex) l-th root of unity. Then the ^-function Z(t,C) of the curve C/F q is a 
rational function in the variable t, of the form P(t)/(l — f)(l — qt), and the polynomial 
P(t) is given explicitly for distinct cases of i, j(mod 21) as below: 

1. Fori = ; = 0(mod 21), 



p{t) = (\-etf l -^ 2l - 2 \ 
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2. For i, j = 0( mod 2) , i, j, i — j ^ 0( mod 21), 

i-i 

p(t) = (i - et) 4l - 4 Y\{i - C r etf- 6 . 

r=\ 

3. ForiJ = 0(mod 2) and(\) i = 0, j 0(mod 21), (ii) i^ 0, j = 0(mod 21), (iii) i, j ^ 
0, / = ;'(mod 2/), 

z-i 

= (i - eo^FK 1 ^ C0O 4 '~ 4 - 

r=l 

4. For (i) i = 0,j = l( mod 2/), (ii) / = I, j = 0( mod 2/), anif (iii) z = j = /(mod 2/), 

P(f) = (l-0f) 2(/ - 1)2 (l + 0f) 2,( '- 1) . 

5. For(\) ;^0(mod 2), z = 0, j ^ /(mod 2/), (ii) ; ^ 0(mod 2), / ^ /, ; = 0(mod 2/), 
ant/ (iii) i 0(mod 2), i = j, i ^ /(mod 2/), 

p(t) = (i + 6f) 2/ - 2 n((i - ceo(i + cot)f- 2 

r=\ 

= Yiv-t'ot) 21 - 2 , 

r=l 

where t, is a primitive complex 2l-th root of unity. 

6. For i,j,i — j ^ 0,/(mod 21) and (i) i ^ j(mod 2), (ii) i,j ^ 0(mod 2), 

/-l 

P(t) = ((1 - 0r)(l + 0f)) 2 ' _2 ri(( 1 - C0t) 2l -\l + Z r 9t) 2 '- 2 ). 

r=l 

7. For (i) i = I, j ^ 0,/(mod 2/), (ii) z ^ 0,/, 7 = /(mod 2/), and (iii) z',j ^ 0,/, i — j = 
/(mod 2/), 

/-l 

p(r) = ((i - 8*)(i + 0r))'- 1 n((i - C0O 2/_3 (i + Ceo 21-1 )- 

r=\ 

Proof. The number a2i(n) of F c/ « -rational points on the curve C, for each n > 1, has been 
determined explicitly in (| 1 ], Theorem 7) (cf. Lemma |2] above). Taking into account the 
distinct cases that arise when l\n,l j(n,2\n, and 2 j(n, and substituting the corresponding 
values for fl2/(") m tne definition of Z(f ,C), we obtain the ^-function of the curve C/¥ q , 
for distinct cases of z',y( m °d 2/), as below: 

1. For z = j = 0(mod 21), 

= - ( g » + l-(2/-l)(2/-2)(-iry/ 2 K 

= ]og-J_+]o g J_-(2/-l)(2/-2) 
1 — 1 — f 

xlog HlV^- 
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Hence 

_ (i-(-i)y/^-D(^> 
( ' j " (i-O(i-f) 

2. For;,;' = 0(mod 2), ^ 0( mod 2/), 

I^Z(r,C)=L— ^ + L— ^ 



~ (g fa + 1 - (21 - 1 ) (21 - 2) (- 1 )l^ q ln/iyn 
n=\ m 

- ( g " + i_2(-i)"y/ 2 )f" 
+ „=i « 

" ( (? /n + l-2(-l)''V"/ 2 )f /n 
~~ ^ In 

_ y (q" + l-2(-l) ns q n/2 )t n 

<*> c i \lns JnllJn 

_<«_«, £ fc!Li_£_ 

n=l 

1 1 1 

=log- -+log- — - -2 log 



Hence 



Z(f,C) 



& l-f 6 l-(-l) I 9 1 / 2 f 

-(4/-6)log T - F l w 

(i - (-i)y/ 2 f) 2 (i - (-i)y/V) 4/ - 6 

(l-r)(l-?0 

_ (l-eQ^n^Ui- w"~ 6 

(1-0(1-9*) 

3. For i,; = 0(mod 2) and (i) i = 0,j^ 0(mod 2/), (ii) ' # 0, j = 0(mod 2/), (iii) 
ij ^0,i = j(mod 21), 

lo g Z( t ,C)^ a -^+L aj ^ 

l\n 11 iy n " 

_y (q ln + 1 - (21 - 1 ) (21 - 2) (- 1 y™ q '"/2)t ln 
~ ^ hi 

y ( g " + i+2(/-i)(-i) n y/ 2 >" 

+ «=i « 
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_ " (q ln + 1 + 2 (/ - 1 ) ( - 1 )l^qln/2yn 

~ In 

n=l m 

_ - (^ + l+2(/-l)(-l)"V /2 >" 

~~ r « 

n=l 

-(41-4)^- q 



=tog— +log-J-+2(/-l)lo; ' 



l-qt b \-t y ' & l-(-l)y/2 f 
(41 -4) log- ' 



l-(-l)V /2 ' Z ' 
It follows that 

(i-(-i)'V /2 f') 4,_4 



Z(t,C) 



(l-f)(l- 9 f)(l-(-l) s 9 1 /2f)2/-2 

(i-0f) 2 '- 2 n'ii(i-C0f) 4 ' -4 



(1-0(1-9*) 

4. For (i) ;' = 0, j = /(mod 21), (ii) ;' = /,;' = 0(mod 2Z), and (iii) i = j = /(mod 2/), 

i ogZ(f ,c)=i:^^+E^^ 

2\n n 2jfn 11 

_y (q 2n + 1 - (21 - 1 ) (21 - 2) (- 1 f"s q 2n/2yn 

~ ^ ~~ 2n 

n=l z " 

y ( g " + i+2(/-i)(~i)"y/ 2 >" 

_ " (q 2n + 1 + 2 (/ - 1 ) ( - 1 )2"^2»/2^2» 
n=\ Z " 

_ ~ ( g " + i+2(/-i)(-i)"y/ 2 >" 

°° (_-i\2ns n 2n/2 t 2n 

-2/(/-i)E | 

n=l " 
= l g— !— +log-!-+2(Z-l)lo ; ! 



1-9* 1-f v ' & l-(-l)y/ 2 r 
-2/(/-l)log ! 



i-(-i) 2 V 2 ' 
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It follows that 

(i-(-i) 2 V 2 ) 2,(/_1) 



Z(t,C) 



(1-0(1 -qt){\ - (-l)'^ 1 /2 f )2(/-l) 

(i-e0 2(/ - 1)2 (i + e0 2 ' ( ' _1) 



(i-0(i-<70 

5. For (i) j ^ 0(mod 2), i = 0J=£ /(mod 2/), (ii) i 0(mod 2), i ^ /, ; = 0(mod 20, 
and (iii) ;' ^ 0( mod 2), z = j, ;' ^ /(mod 2Z), 

2/|n U 2iyn H 

_ y (q 2ln + 1 - (21 - 1)(2/ - 2)(-l) 2 ' n 'V , "/ 2 )f 2,n 

y. ( g " + i+2(/-i)(-i)"y/ 2 >" 

- ( g 2fa + 1 + 2(/ - 1 ) (- 1 )2ln Sq 2ln/2yin 

_y ( g " + i+2(/-i)(-i)"y/ 2 )f" 



°° f_-i\2lns n 2ln/2 t 2ln 



„=i " 



- log — !— + log -i- + 2 (/ - 1 ) log 



i-qt 6 i-r v ; & i-(-iyy/2 f 

-2(/-l)log- 



i-(-i) 2 V? 2r 

This implies that 

(i-(-0 2 Vf 2/ ) 2/ ~ 2 



Z(t,C) 



(i-0(i-«*)(i-(-i)V /2 ») 2i_2 

(l+ev^rfcKweo 2 ' -2 



(1-0(1-90 

6. For — j ^ 0,/(mod 2/) and (i) ;' ^ y( moc l 2), (ii) /,./ ^ 0(mod 2), 
logZ(r,C)^£ a2<(w)f "+ £ Mn)f +v ^a2i(n)t» 

2l\n 11 2/n,/|n " /J/n " 

_ ~ ( g 2fa + 1 - (2/ - 1 ) (2/ - 2) (- 1 )2lns q 2ln/2^2ln 
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00 (q ln + 1 + 2 (/ - 1 ) (- 1 y™q ln / 2 )t ln 



+ E 



In 



n=\ 

(q 2,n + 1+2(1- l)(-l) 2 '"'V"/ 2 )f 2/ " 



I 



2ln 



n=\ 

y ( g " + i-2(-i)"y/y 

y (^»+l-2(-l) / "V" /2 > /n 

«=l 

_ y ( g " + i-2(-i) n -y/ 2 )f" 

» (_i\2lns 2ln/2 t 2ln °° / _i\iaj In 1 2 An 

-(2i-2)Y [ ' q — — +2V L_LL_g__^ 

„=i « „=i « 

= log + log ih 2 log i-(-\y q V2t 
- (2l - 2) log i-(-i) 2 V^ + 2 log i-(-i)V/v • 

Thus we obtain 

(1 - (-l)y/ 2 f) 2 (l - (-\) 2ls q l t 21 ) 21 - 2 



Z(f ' C) (1-0(1 -qt)(l -(-l)VV) 2 

_ (i-ef) 2 (i-eV) 2/ - 4 (i + eV) 2/ - 2 
~ (i-0(i-90 ' 

7. For (i) ;' = I, j ^ 0,Z(mod 2/), (ii) i^0,l, j = / (mod 2/), and (iii) z, j ^ 0,/, i — j 
/(mod 2/), 

logZ( , )C) = £ ^W!! + £ ^If! 

2/|n " 2/n,/|n " 

+ ^, a 2 /(n)f" | ^ a2i(n)t n 

2\n,l]fn 11 2J/«,//n " 

_ ~ ( g 2fa + 1 - (2/ - 1 ) (2/ - 2) ( - 1 ) 2 % 2 W 2 ) f 2 '" 

2/n 

" ( g / " + l+2(/-l)(-l) / "V"/ 2 )f /n 
+ ^-, to 

n=l 

_ " (q 2ln + 1 + 2(1 - 1 ) (- 1 ) 2lns q 2ln l 2 )t 2ln 

h ^ 
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2n 



y (q 2 " + 1 + 2(1 - 1) (- 1 ) 2ns q 2n l 2 )t 2n 
y (q 2ln + 1 + 2(1 - 1) (- 1 )Uns q 2ln/2} t 2ln 

~ 2ln 

n=l 

y, (g" + l-2(-l)"Y'/ 2 )f" 

y (q 2n +\-2(-\) 2m q 2n l 2 )t 
~ 2n 

n=l 

y (q ln + \-2(-l) lns q ln l 2 )t ln 
n=l f " 

~ ( ? 2,n + 1 - 2(-i) 2( y«/2)j 

^, ( ? " + l-2(-l)"Y j/2 )f" ? ^ (_ 1 )/«y«/2 f /n 

2- « h 2 2- 

«=i 

f -| }2riSq2n/2f2n 

n 



21 n 



00 / i \2lns n 2ln/2 f 2ln <=° / i \2ns n 2n/2 f 2 



n=l " n=l 



= log-r^— + log— !— -21og- ' 



l-qt 6 l-f B l-(-l)^ 1 /2? 
+ 2lo g l ; * m , -(2/-l)log ' 



+ /log- 



i-(-i)V /2 ?' 6 i-(-i) 2, y 2/ 
l 



i-(-i) 2 V 2 ' 

Hence we obtain 

(1 - (-l)Y/2 f )2 (1 - (-l) 2 'Vf 2/ ) 2 ' _1 



Z(t,C) 



(\-t)(l-qt)(\ - (-l)V /2 f') 2 (l - (-1) 2 V 2 )' 

(i-e't l ) 2l -\i + e l t>) 21 - 1 
~ (i-t){i-qt){i-ety- 2 (i + dt)< 

= ((i - er)(i + et)y- l u'-\ ((i - C'Qt) 2 '- 3 (i + CeO 2 ^ 1 ) 
(i-0(i-^) 

Hence the theorem. □ 



The curve C in Theorem's non-singular of degree 21; hence it has genus g = (21 — 
l)(2l — 2) /2. From the expressions for P(t) in Theorem[2 it is clear that in each case for 
;, /'(mod 21), 
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• P(t) is a polynomial of degree 2g = (2Z-l)(2/-2) of theformP(*) =IIfcii( 1 ~ a fcO> 
and the Cfy's are algebraic integers equal to ±q l l 2 C, r , < r <l — 1. Thus |ofc| = <? 1//2 for 
l<k<2g. 

• We may pair the Ofj's in such a way that 05j.0£„ + £ = g for 1 < < g. The polynomial 
f(f ) has integer coefficients (as q 1 ' 2 is an integer), constant term 1, and leading term q g 
(since Iltl] a k = I s by the above pairing). 

This corroborates the Weil conjectures for the concrete class of curves C/F q considered 
in Theorem^ 

Given a non-singular projective curve X defined over a finite field k, it is well-known 
that the class number h of the function field of X/k satisfies the relation h = P(l), 
where P(t) is the polynomial that appears in the numerator of the ^-function of the 
curve X/k. 

For the curve C/F q considered in Theorem^ and the £-function(s) obtained therein, 
we may thus substitute f = 1 in the expressions for the polynomials P(t ), to obtain the 
class number(s) of the associated function field(s) in Theorem[2]below. 

Theorem 2. Consider the projective curve C : aY 21 = bX 2 ' + cZ 21 (abc ± 0) defined over 
the finite field F q , with notations as in Theorem^} Set qo — pf and u = ^/qo- Thus u is an 
integer, q = q^, and ^fq = u s . For each s > 1, let K s denote the function field of the curve 
C/Fq, q = pf s , and let h s denote its class number. Let h s — hi for s odd, and h s — hi for s 
even. Substituting h s — P(l), we obtain the class numbers h\ and h 2 , for the seven distinct 
cases in Theorem^ as below. 

1. For i = j = 0( mod 21), 

h ! = (u° + 1 ) < 2 '- 1 > ( 2Z - 2 > , h 2 = (u> - 1 ) < 2 '- 1 ) < 2/ - 2 > . 

2. For i, j = 0( mod 2) , i, — j ^ 0( mod 21), 

in = ( M - $ + l)V v + l) 4 '- 6 , h 2 = (u s -l) 2 (u ls -l) 4 '- 6 . 

3. For i,j = 0( mod 2) and (i) ; = 0, j ^ 0( mod 21), (ii) i ^ 0, j = 0( mod 21), (iii) i, j ^ 
0, i = ;'(mod 21), 

in = (u' s + l) 4, - A /(u s + l) 21 - 2 , h 2 = (u' s -l) 4 '- A /(u s -l) 21 - 2 . 

4. For (i) i = 0, j = /(mod 21), (ii) i = l,j = 0(mod 21), and (iii) ; = j = /(mod 21), 

h = K + i) 2( '- 1)2 K - 1) 2 '''- 1 ), h 2 = {s-rfv-^v+ifv-v. 

5. For(\) ;^0(mod 2), i = 0, j /(mod 21), (ii) i 0(mod 2), i /, j = 0(mod 21), 
and (iii) / ^ 0(mod 2), z = j, ; ^ /(mod 2/), 

Al = ((h 2 "-1)/(w* + 1)) 2 '- 2 , h 2 = ((u 2h -l)/(u s -l)) 21 - 2 . 

6. For i,j, i— j ^ 0,/(mod 2/) anaf (i) ; ^ j(mod 2), (ii) i, j ^ 0( mod 2), 

hi = {u s + \f{u ls + lf l - A [u ls -\) 21 - 2 , 
h 2 = (n'-l) 2 (u I, - 1 ) 2,- V' + 1 ) 2 ' -2 - 
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7. For (i) i = I, j ^ 0,/(mod 21), (ii) i ^ 0,1, j = /(mod 21), and (iii) i, j ^ 0,1, i — j = 
/(mod 2/), 

A i = {u ls + 1 ) 2 '- 3 ( M '' 5 - 1 ) 2 '- V (u s + 1 )'- 2 (m' v - 1 )' , 
h 2 = {u ls -l) 2l - 3 {u' s +l) 2l - l /(u s -l) l - 2 (u s +l) 1 . 

For the class of curves C/F q considered in Lemma^ the explicit form of the polyno- 
mials P(t) in the £-function(s) for C/F q were obtained in (| 1 1, Theorem 8). Substituting 
t = 1 in these expressions for P(t), we obtain the class number(s) of the associated func- 
tion field(s) in Theorem[3]below. 

Theorem 3 . Consider the projective curve C : aY l = bX' + cZ' (abc ^ 0) defined over 
the finite field F q , with notations as in Lemma Q Let qo — p> and u — ^/qo~. Thus u is 
an integer, q — q s Q , and ^fq = u s . Let 9 = (— l) s q 1 / 2 and let £ be a primitive {complex) 
l-th root of unity. For each s > 1, let K s denote the function field of the curve C/F q , 
q = pf s , and let h s denote its class number. Let h s — h\ for s odd, and h s = hi for s even. 
Substituting h s — P(l) in the expressions for the polynomial P(t) in the ^-function(s) of 
the curve C/F q (cf. (Q, Theorem 8), reproduced below), we obtain the class numbers hi 
and hi, for the distinct cases in Lemma[\] as below: 

1. For i,j = 0( mod /), 

p(t) = {\~etf- l){l - 2 \ 

h x = {u s + \f-^ l - 2 \ h 2 = (u s -if-^'- 2 \ 

2. For (i) ; = 0(mod l),j ^ 0(mod /), (ii) i ^ 0(mod l),j = 0(mod /), and (iii) i,j ^ 
0(mod /),/= /'(mod /), 

p(t) = U(i-i; r et) 1 - 2 , 

r=\ 

h = {{u h + \)/{u s + \)) 1 - 2 , h 2 = ({u h -l)/{u s -\)) 1 - 2 . 

3. For i,j,i — j ^ 0( mod /), 

p(t) = (i-et)>- ll Y\(i-c r et)'-\ 

r=l 

In = {u s + l) 2 {u' s + l)'-\ h 2 = (u s -l) 2 (u ls -l)'-\ 

Consider now the projective curves C/F q in Theorems [2] and [3] as defined over some 
fixed base field F q , q = pf s °, with associated function field K So . Then for each s > 1, the 
function fields K SSo of the curves C/F q s, are isomorphic to the constant field extensions 
K SQ -F q s of the function field K So . In this case, the results in Theorems |2] and [3] provide 
concrete information on the growth of class numbers h SSQ (s > 1) for the constant field 
extensions K SQ - F q s/K SQ , for each class of curves. Note that in this consideration, two cases 
arise: (i) for sq odd, the results for both h\ and h 2 come into picture, while (ii) for so even, 
only the results for h 2 are required. 
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Concluding Remarks. 

1. In Theorem^ f° r eacn distinct case, the roots of the polynomial P(t), all of which 
lie on the circle \z\ — q^ 1 ^ 2 in the complex plane, are not uniformly distributed on 
this circle. In each case, the roots are of the form j3 = %q~ 1 ' 2 , where ^ is a complex 
2Z-th root of unity. This is similarly the case for the class of curves aY 1 — bX 1 + cZ 1 
considered in ([ 1 1, Theorem 8). 

2. For each distinct case in Theorems|2]and[3] the class number is a polynomial in ^/q, of 
degree 2g, with integral coefficients and constant term 1, where g is the genus of the 
curve C/F q . (The genus of the curve C/F q in Theorem|5]is g = (/ — — 2)/2.) 

3. The polynomial P(t ) in the ^-function of a maximal curve C/F q is of the form 

P(f) = (l+<7 1/2 f) 2g , 
and that of a minimal curve C/F q is of the form 

P(t) = (l-q l / 2 t) 2g . 

These expressions follow easily from the Weil conjectures applied to the expression 
for fl(l,C) in Conversely, given a non-singular projective curve C/F q , such that 
the polynomial P(t) in its ^-function has the above form(s), one sees that the curve C 
is maximal (resp. minimal) over F q . 

From the explicit expressions for the polynomial P(t) in the £-function(s) of the 
projective curve aY e = bX e + cZ e defined over F q (cf. Q, Theorem 8) (for e = I) and 
Theorem[0(for e — 21)), it is clear that these curves are maximal (or minimal) over F q 
precisely when the coefficients a, b,c reduce to the case a = b = c = 1 corresponding 
to the Fermat curves. 

4. In (|7|, Proposition 2), the author has stated results (to appear) for the polynomials 
P(t) in the ^-functions of the projective curves aY e = bX e + cZ e (abc ^ 0) defined 
over finite fields F^, q = p a = l(mod e), for integers e > 3 and primes p such that 
ord p( mod e) is even. These results generalize the results obtained for the polynomials 
P(t) in ([ 1 1, Theorem 8) and Theorem^of this paper. 
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